
 

4.2 Conservation of energy

Let us summarize what we have

discussed so far
K K IFG dx Glx Glx G G

X

rearranging gives
x

Ka Ga K G

Introduce the function
U x GG FG day

x becomes

Kat U a k U

EE E
Have arrived at

Theorem 2 law of conservation ofenergy
The quantity E Ktu Emo't UG

does not change with time i e

is conserved throughout time



Effie is called total mechanical

energy and U is called potential

energy
Example 1

i Suppose we drop a rock from a

certain height h total mechanical

energy E Imo Uly has to

be conserved throughout the fall
F mg ugh mgy

as duty ng F

energy conservation law becomes

E my t mgy I mu't mgy E

ii In the mass and spring system
the corresponding relations are

Uk I kx as d Kx FG

giving Eze EMU t thx met EKX.EE



Let us apply this to a concrete problem

pull the spring by an amount A

Question What is the velocity
when the mass comes back
to x o

Ékx harmonic motionfrummmia

En
setting x A and 4 0 in the energ law

gives Im v2 I kx2 Ot Ik A2

Then at o we get
mo't Lk O O IKA

v KI
O I KAI IA TE IWA

two answers as mass can be

going in either direction

In general HE O ITE JAI



iii Pendulum

Imagine a mass m hanging from
the ceiling along a thread of length l

1111111111

if

ing
ing

length s is given by s le

h l 1 cos 4

For small 4 we can Taylor expand
cos 4 a t t y
h Ee

potential energy becomes
Epot ugh mg Ee IDs D my
motion is harmonic



4.3 Conservation of energy in d t

Let us summarize the situation del

If muddy mua Fo Fade K Luv
dk Fdx upon cancelling dt

ka ki IFG dx
Uk U x2

Kat U K U

Now let us look at d 2

K Em o Im Wtvg
IF m ox dog toy dat

FxUx t FyUy Fx day Fydog

dk Fx dxt Fy dy
d

Denote the position of a point like



mass by Elf Then Olt Elt and

da Imi Im E F

ctangef Im É t F F
kinetic energy ME t ÉÉÉtdoueper unit time

I per unit time

We define the infinitesimal work
done as

dw E de Fi dri dk G

insta Fxdx t Fydy
and power as

P day É E

For vectors we have the formula
I I AB cos 0 A III BAB

where 0 is the angle suspended
between the vectors I and B

for a constant force ht FarcosCE.AT
F Ar



Equation a gives for the work done

between two positions t and t

along a curve Crist

WCT E SECT de

line integral
Crist

I
lim E 4
At o IE.br

4.4 Conservative and non conservative forces

Suppose I go from F to t along
a path C and someone else goes
along 4

e
r

F

Is the work done the same

i e does fat.de I di hold



To get a clue let us consider
a specific example namely a small square

NY
n o c

C
e choose Ax Ay

V

ay 4 É
E small enough

so that F is

F n approx const

along each
Wky É 00

segment
k DX

X

Want to compute fo E di

along the direction of arrows

contributions along different sides
1 the tangential component is F i

F AT Fx i Ax

2 F DE Fy 2 AY
3 F AT Fx 3 Ax

4 F AE Fy yay
minus sign due
to reversed arrows



Together

É di FI ax Fy 2 Ay E 3 Ax Fykday

rearrange
i t 3 Fx i EG Ax

Fuse
E 3 Full 2EyAY

Jg DX AY
similarly

2 4 Fy 2 Ay Fy 4 Ay 25,7 Axay

Sot de
ftp T a area

cire normal vet

Txt tag
or

Now fill a given loop C with any
convenient surface s

faces Eet
E di SEEnda

s
Stokes



Definition 3

A conservative force is a force

satisfying Fit

W go E di o

c c

regardless of the choice of the
closed path C

Theorem 3

Any force Flt which can be

written as E 546 Iggy

for a scalar function U

is conservative

Proof choose disk D such that 2D C

Stokes law

E di f tu dit foxeutnda o

c c s

It Fx Eu
Ey Ey34

0
I



5 Law of conservation of momentum

5.1 Multi particle Dynamics

Consider 2 bodies moving in one dimension

Mz
y Fey Fet fye

x O it yea
external forces

Then Newton's 2nd law gives
1 m I Fiz t Fie

T T
force on sum of external
1 due to 2 forces on I

2 may Fa t Fae
T Jum of externalforce on

2 due to 1 forces on 2

Newton's 3rd law gives Fa Fa

1 2

x m Xi ma X Fat Fie t Fat Fae Fe



Rewrite Ge as

M mix t maxi Fe M maths
M

M II Fe

where X mix moxa weighted
averageM

center of mass coordinate CM

In general for N masses in

3 dimensions

Definition 1 CM

Let N bodies with masses

m my have positions I I
then their center of mass

is given by

R É miri

mi



Using R the generalization of xx

for N masses becomes

M doff FI M Edm

internal forces have cancelled out
due to Newton's 3rd law

5.1 Conservation of momentum
Now consider the case É o

d R o dig const

M dat const

Definitional momentum
The momentum p of a particle
is defined by p mo

Theorem 1

FI M III d date O

In the absence of external forces the
CM momentum is conserved




